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Grothendieck’s homotopy hypothesis

Weak w-groupoids are equivalent to spaces up to homotopy.
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Globular sets

Definition
A globular set is a diagram of sets of the form
src src src srcosrc = srcotgt

XO Xl X2 500
tgt tgt tgt tgtosrc = tgtotgt

The disk D" is determined by Glob(D", X) = X,
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Pasting diagrams

e Pasting diagrams are a family of contractible globular sets, that can be written as
iterated pushouts of disks of the form:

D1

tg\ Atg\ /\ SN /

DMk—1

e They admit a well-defined notion of dimension and of boundary.

e These are the arities for the operations of w-categories in the sense of Batanin
and Leinster, or equivalently of Grothendieck and Maltsiniotis.



Representations of pasting diagrams
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Weak w-categories

Definition
A weak w-category consists of a globular set X equipped with a family of operations

cohp y—sv: Glob(B, X) = Xpi1

where B is a pasting diagram of dimension at most n+ 1 and v, v are a pair of n-cells
of the free weak w-category on B subject to a fullness condition. A strict functor
F: X — Yis a morphism of gloublar sets that commutes with the operations.



Weak w-categories

Definition
A weak w-category consists of a globular set X equipped with a family of operations

cohp y—sv: Glob(B, X) = Xpi1

where B is a pasting diagram of dimension at most n+ 1 and v, v are a pair of n-cells
of the free weak w-category on B subject to a fullness condition. A strict functor
F: X — Yis a morphism of gloublar sets that commutes with the operations.

e This is a definition that is recursive on the dimension of the operations.

e The fullness condition corresponds to the guiding principles mentioned before.
Removing it gives a groupoidal theory.
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Invertibility in w-categories

Definition

A morphism f: x — y in an w-category is y y

coinductively invertible if there exist f, f: y — x /

and coinductively invertible ) ¢ Ef/f Zﬂm 4
Ef’: fo )d:>1X nf ]_y:>Fof X ——XX X X  — X

Theorem

A cell cohg ,(f) € X, is invertible when f(p) is invertible for all p € B,,.

¢ |dentities are invertible
e All coherences are invertible (dim B < n)

e A composite is invertible when it's top-dimensional arguments are (dim B = n)
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Equivalences

Definition
A strict functor f: X — Y'is a trivial fibration (resp. equivalence) when:
e it is (resp. essentially) surjective on objects, and

o fy: X(x,y) = Y(fx, fy) is a trivial fibration (resp. equivalence) for all x,y € Xy

o {Trivial fibrations} = {FS"~1 C FD"}" for S"~1 = D"\ {d,}

e Equivalences satisfy a weaker lifting property:
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Model structure on w-categories

Conjecture

There exists a model structure on the category of weak w-categories with these
equivalences and trivial fibrations.

e We are missing the cylinder objects for cofibrant weak w-categories
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Cofibrant w-categories are those that are freely generated by a computad.
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Cofibrant w-categories are those that are freely generated by a computad.
e There exists a unique (—1)-computad () with F) = (.
e A 0-computad Cis a set and FC= C-D°

An (n+ 1)-computad C = (C,, V, bdry) consists of

i n
* an n-computad C, Voy1 - FS FFn
= a set of generators V1 \[ ] \}/
= a morphism bdry : V,,.1 - FS" — FC,. Vi1 S 1) s FC

A computad C = (Cp)nen is a compatible sequence of n-computads and

FC = colim FC,

neN
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The inductive framework

We define recursively on the dimension n € N of a computad C, for every upclosed set
of generators X C [, V&, the following:

¢ a computad C1 X and two strict functors:

Lexo L—(EXZ C—>CTX
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Naturality of computads

« 0t X=0
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Naturality of computads

e )1 X=10
e C1 Xfor C= (G, V,bdry) is built by first forming the pushout:

V-FS" + (XN V) - FS" —— V. D™ 4 (XN V) - FDrt

lL_O bdry +:*o bdry |

Cn T X<n ”””””””””” 4 (CT X)n-‘,—l
and then adding XN V as set of (n+ 2)-generators with
/_,\‘
° \U*jﬁ% °
- — sre(x)TX
bdrY(X) =t (X) Y L+(X) = sr?(x)1X I Y tgt?(x)1X
tgt(x)TX

S
\/
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Naturality of functors and cells

The functor 1 X: (D1 f1X) — (C1 X) is determined by:

(F1 X)(v) = f(v) for v F1X (FT X)) = (7 e F()
(F1 X)(x) = ) T X (F+ X)(x") = (7 o F)(x)

For a cell c € C,, with supp(c) N X # (), we define ¢t X by recursion:

v X=V
cohpg usu(f) T X = (F1 X)(cohp s (id) T X7)

To close the recursion, we need to define the naturality of operations.
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Naturality of opearations

Limitation

We have only defined cohg ,,,(id) 1 X when the depth of X is at most 1, where
depthy(c) = max{dim ¢ — dimx: x € XN supp(c)}
depth x(C) = max{depthy(v): v € H VE}

e In the case depthy(B) = 0, we have that B1 X'is again a pasting context and we
may let

cohpg y—(id) T X = cohppx -~ (c)n.+(o)(id)
e The case depthy(c) = depthy(B) = 1 is more technical.
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Naturality of a coherence

Consider the following pasting diagram and cell over

B— o f e —£,8 8., % c:aﬁgvh:(hog)of—)ho(gof)

Its naturality with respect to X = {f, g, h} is an operation given by:
£ g h- (hmog)o f_a*ﬂ’gihfh_ o(g of)
B X = f g . A . X — P =R o = - =
T RN le o vh® ct (hog)ofl p fgnX lho(gof)
(hTogh)off (— hTo(g"off)

Qpt gt pt
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Naturality of a composite

Consider the following pasting diagram and the whiskering
B=x |a y—h>z c=hoa:x—z

Its naturality with respect to {h} is an interchager:

/_fN /h:\l — -
Bth=x Ja y Ui z ctX:(hogg)or(h oga)— (aohT)o(hogf
\g}( Y
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Naturality of a composite

Consider the following pasting diagram and the whiskering

B x%y#z c=gof:x—z

Its naturality with respect to {x,f,y, g, z} is a composite of 1-cylinders:

ctX:Zo(g of)

R T —(Zog)of
— (g oy)of

BT h= x y 7
f L/? ly ’/é —gto(yof)
xt - yt = A —g o (ff oX)

— (gt off)ox
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A consequence: The Eckmann Hilton argument

e Consider the computad C with one object (x: x) and two 2-cells (a, b: 1, — 1,).

e The Eckmann Hilton argument is a cell (e: boj a = aoj b) showing that
composition is weakly commutative.

X Hpildx X H“X o Ju o ﬂu;l
2 1 > 3 @ Uid O N (o S
— = o1 = o1 é'ﬂucﬂﬁx'é a - b
\Jer A iy
L T - -
H}\LX \“{%(
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Thank you for your attention!



